We report a direct Monte Carlo simulation of an energy-dependent t&molecular reaction system of the type A+ B in which the rates of the reactions of specific states Ai of A increase with their internal energies. Intermolecular exchange of translational and internal energies among colliding species Ai+A,~A,+A, is incorporated with use of a simple flexible statistical model satisfying all requirements of momentum and energy conservation, microscopic reversibility, and equilibrium. The required calculations are straight forward and rapid. The observed variation of overall reaction rate with pressure deviates from that of a simple LindemannChristiansen mechanism. For unrestricted energy exchange allowing transitions between all levels of A the deviations are small. For restricted (ladder) energy exchange limited to transitions up or down one level per collision the deviations are larger and the behavior is similar to that observed in a number of experimental studies.
INTRODUCTION
Higher computer speeds and improved computational methods have increased greatly the number of interesting gas dynamic systems, including those with chemical reactions, which can be treated by Monte Carlo simulations. One of the most useful methods is Bird's direct simulation method"2 which we have found to be well suited for treating reaction systems with nonequilibrium distributions,3P4 coupled gas-dynamic and reaction effects,5'6 emission and absorption of radiation and with many other effects difficult to treat in any other way.
We recently reported a study4 of a LindemannChristiansen unimolecular reaction system of the type 4 A+AeA*+A, kz
(1) k3 A*+ B.
(2) Direct Monte Carlo simulations were found to be successful in treating the system and the behavior predicted by conventional analysis was reproduced. That is, the rate was given by d =k;Pl,
and a plot of l/k,, vs l/ [A] was linear with an intercept k2/k1k3 and a slope l/k,, as expected for a LindemannChristiansen mechanism.
THE DIRECT SIMULATION METHOD
Experimental measurements for many, if not most, unWe give here a brief description of the direct Monte imolecular reaction systems show deviations from the linCarlo simulation technique. Additional details have been ear behavior of l/k,, vs l/ [A] for Lmdemann-Christiansen given previously. 1-4 For a typical gas dynamic simulation, systems. Typical behavior is that reported in Laidler's text- the flow field is divided into cells with dimensions of about book7 as the departure from straight-line behavior shown one mean-free path and the number densities of molecules in Fig. 1 . Theoretical treatments more detailed than in the gas are reduced by many orders of magnitude to give Lmdemann-Christiansen and Hinshelwood treatments and approximately 30 molecules per cell. The effective collision incorporating in different ways the effects of energy transcross sections are increased in the same ratio that the denfer on excitation to produce A* and energy-dependent rate sities are decreased in order to maintain dynamic similarconstants k3 are capable of reproducing the observed behavior. These are the Kassel," Slater,g RRK," and RRKM *' treatments. We report here a Monte Carlo simulation of a unimolecular reaction with an energy-dependent rate constant k3 and with explicit treatment of energy exchange and reaction at the molecular level. A simple flexible statistical model for translational and internal energy exchange5 is combined with the Bird direct simulation method. In our previous work on unimolecular reactions the excited species A* was considered to react at a single rate independent of degree of excitation.
In this study, the molecule A* is given five -ditTerent internal energy states which are allowed to undergo energy exchange. The different states of A* react at different rates to produce molecule B. The system above becomes:
hi Al----,Bi, i=l,..., 5.
The simulations were carried out under a variety of conditions with different rates of energy transfer and reaction. In the following sections we describe the simulation method, the statistical model for energy exchange, the calculation details, and the results obtained for systems with and without chemical reaction. ity. The free paths and the collision rates of individual molecules are the same as in the real system and the Knudsen number remains the same. The boundary conditions are chosen to correspond to those of the real system.
Time is advanced by one small step, and each molecule is moved according to its velocity. The advance in the number of collisions is related to the advance in time by the collision rate. A procedure developed by Bird'32 allows the total collision rate to be determined from the relative velocities of pairs of molecules selected for collisions.
Molecules are allowed to move across cell boundaries freely. Molecules within each cell are given the opportunity to collide with molecules of the same cell. Pairs of molecules within a cell are chosen with a probability proportional to the product of their relative velocity and cross section. The collision partners collide and proceed through the dynamics of a collision. A collision alters the velocities but not the positions of the colliding molecules. The selections of partners and the collisions are continued until the number of collisions for the cell matches that for the time step and the collision rate for the cell. Molecules in all the cells are then moved again and the entire process is repeated. The method is exact in the limit of small time steps and small cell sizes. Applications to dense systems are ultimately limited by the requirements of these small step sizes and the large computation effort associated with large numbers of time steps and cells.
For the calculations reported in this paper the collisions are those of hard sphere molecules with collision cross sections of tixed size for all combinations of molecules, independent of relative velocity. The required inputs for a calculation include the numbers and masses of each molecular species, the system volume, and the initial temperature. The collision details, in terms of differential scattering cross sections or in terms of collision models from which the departing species and their velocities may be determined, are also required.
The real systems are specified in terms of number of molecules N, collision cross section S, volume V, initial temperature, and initial composition. The system is specified homogenous and only a single cell is required in the simulation. For the simulation, the number N' is set at a value of 10 000-50 Ooo and the cross section S' is increased according to the formula
The initial velocity components v,, u,,, and v, for each molecule are selected from Maxwellian distributions. The selection of collision partners is made by picking any two molecules i,j at random, as by picking random integers in the range [l, N'] , calculating the relative velocity for the pair, and multiplying the cross section by that velocity to obtain the product (v,,$"). The ratio 6%' of the product (vre*S') to (vrels')mm, the highest value which is reasonably likely, is compared to a random number NR in the range [O,l] . If 23' is greater than NR the pair is allowed to collide, but if 9 is less than NR the pair is rejected and two new candidates are selected. By this method, pairs are se: lected with a probability proportional to their products (vrels')-For nonreactive collisions the center-of-mass velocity and the magnitude of the relative velocity of the colliding molecules are conserved, but the direction of the relative velocity may change. For reactive collisions only the center-of-mass velocity is conserved. For an exothermic reaction the relative kinetic energy of the separating products is the sum of the relative kinetic energy of reactants and any energy released due to reaction. Similar considerations apply for an endothermic reaction. For the calculations described here the direction of the relative velocity for reaction products was taken as random as for collisions of hard spheres.
MODEL FOR INTERNAL ENERGY TRANSFER
The "statistical method" used in this study is based on the assumption that the states, translational and internal, produced in a collision of two atoms are distributed according to the equilibrium distribution for the energy available to the collision partners. The distribution of states produced is random among the allowed possibilities with each possible combination of internal states given a weight proportional to the relative translational energy of the separating atoms.
The simplest of cases is a two-state system for atom X with internal states Xi and X2 of energies El and E2 and degeneracies gl and g2. For a collision of X1 with an inert atom M the result is either X, +A4 or X2+44: X1+M-+x*+M (7) x1 +M+X,+M.
(8) With a total available energy E given by the sum of El and the relative translational energy Erel, the probability of outcome (Xi+M).
is proportional to gl and Erel for the departing atoms,
Since the sum of the probabilities is unity, the probabilities are
The general case involves atoms with states 1, 2, 3,..., electronic energies El, E2, E3,..., and degeneracies gl, g2, 83,... * For a collision of Xi and Xj , xi+xj4xk+xZ, (13) the probability of a given pair of product states is given by
where the summation is that of all possible pairs. The rates of production of species may be calculated for a system at equilibrium. It is convenient, but not necessary, to fix the collision cross section at a constant value S. For the two-state system at thermal equilibrium, the distribution function for relative velocities of collision partners is given by (15) and the distribution function for energy associated with relative velocity is e-ErdlkTE,,I .
For collisions of Xi with M at energy E= El +E,,, in the interval dE=dErd the collision rate is given by
where A is a group of constants. The rate of formation of X2 is given by
Similarly, the rate of the reverse reaction in the same interval dE is
At equilibrium, the forward and reverse reactions are equal and the combination of the two equations yields n2 g2 -(EL--El)/kT -=-e 4 g1
, in accord with Boltzmann statistics. We note that for collisions of fixed total energy, the rate of production of a specific state Xi is proportional to the energy Epa=E-Ei rather than the momentum ( 2@$el> 1'2 associated with the departing atoms. The density of the state Xi is given by its rate of production divided by the relative velocity and is thus proportional to the momentum.
As described, the statistical model satisfies all rules of energy and momentum conservation, microscopic reversibility and equilibrium. The relative rates of translational and internal energy exchange may be varied to some extent by introducing an internal relaxation probability Pr=O to 1 for each collision. Any specific exchange ijkl may be eliminated without violating these rules provided the reverse exchange is also eliminated and all states remain accessible. Thus, one may restrict transitions to those between adjacent energy levels of the same species.
ENERGY EXCHANGE-RESULTS
We investigated a number of cases of translationalinternal energy exchange for a five-state species with energies equally spaced at 0,5,10,15,20 kJ/mol. Two cases are of special interest for they are related to the reaction systems described below. In the first, all energy-allowed energy exchanges ijkl are permitted and occur with a probability P, of unity. In the second, the exchanges are restricted. Results for typical simulations are shown in Fig.  2 and 3 . In each of these the simulation was begun with an equilibrium translational energy distribution with a temperature of 100 K and an equilibrium internal energy distribution of 1500 K. Additional details are listed in Table I .
The relaxation of energies for the first case (unrestricted) is shown in Fig. 2 based" and correspond to the temperatures for equilibrium distributions having the same energy contents as the observed distributions. As may be seen in the figure the system relaxes toward a single temperature of 457 K in about 20x 10-i' s. At that time the translational and internal distributions are very close to equilibrium distributions for 457 K.
In the second case relaxation was specified as one-stepat-a-time, ladderlike relaxation. Table I . Open circles: P,= 1.0. Filled circles: P,=O.l. Triangles: P,=O.O5.
itied as those of the first case. The relaxation is shown in Fig. 3 . The equilibration of temperatures occurs much more slowly than in the unrestricted case and is nearly complete in about 20X 10m9s. Again the distributions of translational and internal energies approach equilibrium distributions.
UNIMOLECULAR REACTION-RESULTS
The restricted and unrestricted relaxation models described above were used in combination with a number of different unimolecular reaction systems for simulations under varying conditions. For unrestricted relaxation we found behavior close to that of a Lindemann-Christiansen system (single rate for A*) for which a plot of l/k,, vs Typical plots of [A] vs time for several values of initial [A] are shown in Fig. 4 for the unrestricted relaxation model. For each run, effective rate constants were obtained from the decay rate of [A] as suggested by Eq. (3)
The effective rate constants k,, for each initial [A] are plotted as l/k,, vs l/[A] in Fig. 5 . As may be seen the data show a small departure from straightline behavior.
The reaction systems investigated had the same five energy levels for species A as those for the relaxation calculations. Other details are listed in Table I . In order to eliminate any spurious effects which might result from varying temperatures and species concentrations in the course of reaction, we chose the energy levels and exchange cross sections for species B to be the same as those of species A. The reactions occurred as Ai+ Bi with no energy change, so that the overall system energy and temperature were constant and independent of the extent of reaction. Table II. The reactions were carried out with initial conditions corresponding to pure A in an equilibrium distribution of states Ai with an equilibrium distribution of velocities at a temperature of loo0 K. The restricted and unrestricted relaxation models described above were used in studies of a number of unimolecular reaction systems under varying conditions. We report details here for two sets of calculations which illustrate the range of observed behavior. For Examination of the distributions of the state Ai in the course of reaction reveals near-equilibrium distributions for high values of [A] , i.e., under conditions of relaxation rates much faster than reaction rates. For the restricted relaxation model and lower values of [A] , there is significant depletion of states A, and A, and at very low values of [A] state A5 is almost completely depleted. This is illustrated in the distribution of Table III and Fig. 7 .
The depletion of higher states is the result of higher reaction rates for those states and it is manifested in curvature in the plot of l/k,, vs l/[A]. It can be explained in Bars: fractions for equilibrium at 1000 K.
terms of a "shadow" effect discussed below. Such a curvature is not obtained for a simple Lindemann-Christiansen system with a single rate for reaction of A*.
DISCUSSION
A deviation from linearity in a plot of l/k,, vs l/[A] may occur in any system with energy-dependent reaction rates, but the deviation is likely to be greater for a system with limited one-step-at-a-time (ladder) energy exchange. These effects are demonstrated in the simulations.
For a system with two reactive states Ai and Aj independently exchanging energy with the bulk of A the overall effective rate constant is the sum of the effective rate constants-for each as given by Eq. (3) kl
A plot of l/k,, vs l/[A] can take many forms depending on the values of the constants; but, if the energy of state i is lower than that of state j, k3 (i) is likely to be lower than k3(j) and kl (i) is likely to be higher than k,(j). Also, the ratio kl(i)/k2(i) is likely to be higher than k,(j)/k,(j). For these conditions we find a slight curvature of the type exhibited in Fig. 1 for reasonable values of the constants. The higher rate of loss and lower rate of production of the higher-energy species j lead to a higher depletion of species j relative to species i at low collision rates.
The phenomenon can be greatly exaggerated by limited energy exchange of the ladder type. With transitions limited to one step, production of the higher-energy species j is additionally reduced by depletion of the species below it on the ladder. This "shadow" effect is evident in Fig. 7 in which level 5 is almost entirely depleted from its thermal equilibrium value.
Observations of pronounced deviations from straightline behavior in experimental measurements of rates in unimolecular reaction systems suggest that ladder relaxation is important in these systems. Since this type of relaxation is common in many other systems it should not be tmexpetted in unimolecular reaction systems.
We found direct Monte Carlo simulation with the flexible energy exchange model to be extremely useful in analyzing the behavior of the systems described. One can obtain similar results and reach similar conclusions about the behavior of such systems by other methods of analysis, including solutions of sets of differential equations for multiple reactions states to obtain expressions like that of Eq. (21) . The Monte Carlo simulations incorporate the effects of nonequilbrium velocity distributions which are ditlicult to include in solutions of sets of differential equations. Although we expect the important applications of Monte Carlo simulations to be those for systems of higher complexity, it was the simple Monte Carlo simulation which provided us with the insights for understanding in this study.
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